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In this paper it is shown that he inaccuracy in the beam propagation method based on the finite difference scheme, introduced 
by the use of the slowly varying envelope approximation, can be overcome in an effective way. By the introduction ofa perturba- 
tion expansion the accuracy can be improved as much as wanted, often nearly without any increase of the computation time. An 
error analysis is given and the method is illustrated by an example. 
1. Introduction 
Among the various beam propagation methods 
(BPM) used for simulations in integrated optics, the 
finite difference method (FDM)  is one of the most 
general applicable algorithms [ 1-3 ]. Using the slowly 
varying envelope approximation (SVEA), the com- 
putation time can be greatly reduced. However, this 
approximation causes considerable rrors i f  the ef- 
fective indices of the various modes involved differ 
too much [ 4 ]. In this paper we aim to show that these 
errors can be overcome to any extend in a simple way 
without much increase in computat ion time. 
2. Theory 
2. I. Zeroth-order approximation 
In this paper we will treat the 2D case using the 
scalar approximation. The conclusions, however, are 
quite general, and hold also in 3D for both the scalar 
and vectorial case. Using the SVEA the field prop- 
agating along the positive z-direction can be written 
as 
E(x ,z )  - ~,(x,z) exp( - ikonoZ) . ( 1 ) 
A time dependence exp(kot)  is assumed and no is a 
suitably chosen mean refractive index. Substituting 
eq. ( 1 ) into the wave equation it follows [ 1-3 ]: 
0q/ 02~u (2) 
ia Oz = O~u+ 0z 2 • 
Here a=2kono and O is an operator, O-OZ/Ox 2 
+ k~ [ n 2 (x,z) - n 2) ]. Introducing a discretisation, 
~u]=q/(sAz, jAx)  with j=0,  1, ..., N, eq. (2 )can  be 
written as a matrix equation 
ia~-~ z = Mqt+ 02qt0Z 2 , (3) 
where M is a tridiagonal matrix and the nondiagonal 
matrix elements are all equal to 1/~tx 2 and 
Mjj= - 2/ax2 + ny -rig). 
In fact, eq. (3) corresponds to eq. (2) only if the 
fields at the boundaries are put equal to zero. How- 
ever, to suppress unwanted reflections from the 
boundaries it is better to use transparent boundary 
conditions [5 ], which is rather straightforward and 
not described in this paper. 
Integrating eq. (3),  using the Crank-Nicolson 
(CN)  scheme, it follows: 
ia (¥  s+l -~)  
0qts + 1 0~s (4) 
=M(gts+l  + g~)Az /2+ 0z 0z " 
In the SVEA the last two terms at the rhs are usually 
neglected [ 1-4 ]. Then, the resulting matrix equation 
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R+ ¥~ + ~ = R_ ¢¢s, (zeroth-order), (5) 
with R+/_ = I+ iMAz/2a,  can be solved in a stan- 
dard fashion. Here I is the identity matrix. 
In order to estimate the error that is introduced 
this way, we assume that the propagating, discretes- 
ized field, V, consists of a single mode and that the 
corresponding effective index is given by n,. Then, 
by noting that the modal field equation is given by 
Oe¢,=0, with operator Oe=-O2/Ox2+k2[n2(x,z) 
- n 2 ], it follows: 
M~=-k~(n  2 -n~)¥  ~ , (6) 
whence, also using eq. (5) 
¢¢~+ ~=b_ ~s /b+,  (7) 
with b+/_ = 1 +ik'f ,  k' =-konoAz and f -  (n 2 -n2) /  
(2no) 2. Note that eq. (7) has to be compared with 
the correct propagation of the envelope: 
¥~+ ~ = ~vs exp [ -iko(n~ - n0) Az].  (8) 
Assuming that all the refractive indices are real, the 
error of the effective index, An~ can be calculated 
from: 
arctan{2k'f/ [ 1 - ( k ' f )  2 ] ) = k' (An, + n, - no ) / no. 
(9) 
Writing the arctan function as a Taylor's expansion, 
defining n~-no( 1 +3) and expanding the result as a 
series in k'f, we obtain: 
Andno~32/2 -2k '233/3 ,  (zeroth-order) . (10) 
Here we have used the fact that f=  8/2 + 32/4. From 
eq. (10), one may estimate the applicability of the 
zeroth-order approximation for a given case. 
2.2. First-order correction 
The first-order correction consists of neglecting the 
last two terms of eq. (4) only partially. By substi- 
tution of eq. (3), without the second derivate, into 
eq. (4) these terms can be taken into account ap- 
proximately. Doing so we arrive at 
p+ ~s+l=p_  ¥~, 
P+/_  -- I  + iAzM/2a+M/a  2 . (11 ) 
Equation ( 11 ) can be brought into the form: 
(M+ c1I)¥ ~+~ =c2(M+c3I)~¢ s , (12) 
and solved for ¥~ + ~ as for the zeroth-order case. In 
eq. (12) c~ ( l= 1-3) are complex constants. 
In order to estimate the inaccuracy, we assume 
again that the propagating, discretesized field, ~,, 
consists of a single mode and that the refractive in- 
dices are real. Then, 
¥s+~=d_~/d+,  (13) 
with d+/_ = 1 + ik ' f+f .  Proceeding as above, it fol- 
lows for the inaccuracy of the effective index, Ane: 
arctan(2k'f( 1 +f ) / [  ( 1 +f )2_  (k,f)2]) 
=k '  (Ane +ne-no) /no .  (14) 
Whence 
Anc/no~-83/4 -2k '233/3  , (first-order). 
Here we have collected terms up to d 3. 
(15) 
2.3. Second-order correction 
Further improvement of the method can be ob- 
tained by substitution into eq. (4): 
0g s 0a¢¢ i i - -  aM~S-  M~S+ M~c's 
0z a 0z 2 ~ - a a 3 " 
(16) 
Here we have used eq. (3) once more for the second 
equality and have collected terms up to M s. As now 
the matrix equation to be solved contains products 
of the matrix M it is advantageous to approximate 
the integral f ( -  iM~v/a)dz more accurately, on in- 
tegrating eq. (3). I f  we allow also products of the 
matrix M here, this will decrease the dependence of
the error on the stepsize Az. Using the fact that the 
envelope g behaves approximately like exp ( - iMAz/ 
a) it follows, in the spirit of the CN method: 
( s+ l )Az  
!xi 
# 
-- / ¢//dz~" R- ~s -  R+ ~ s+l , (17) 
a d 
sAz 
with 
507 
Volume 94, number 6 OPTICS COMMUNICATIONS 15 December 1992 
0.00 
- I .  O0 
-2. O0 
c -3.00 
tm -4 .00  
o 
d 
-5. O0 
-6. O0 
-3. O0 O, O0 
_m-e-E0  tn  order approximat ion /~  
t~ '~ l  s t  order approximation J 
-2.50 -2.00 -i.50 -i.00 -0.50 
Log(8)  
Fig. 1. Log-log plot of the relative rror in the effective index 
with respect to the exact value as a function of 6, obtained using 
the method outlined here (see text). The structure consists of a 
waveguide with a width, w= 1 p.m, and a refractive index, nB=2, 
and the background index nb= 1. The stepsizes and wavelength 
are, Az=0.5 p.m, Ax=0.00125 p.m and 2= 1 p.m. 
with R÷/_= +MAz/2a- -  (MAz /2a)2 /3 .  Integrat- 
ing eq. (3), using both eqs. (16) and ( 17 ), it follows: 
Q+ g/s+ I=Q_  g/s, 
with Q+/_  =I+R+/_+M/a2-MZ/a  4 • (18) 
gcs + 1 can be solved from eq. (18) by applying two 
times the procedure for eq. (5),  as we can write 
Q+/_  =co(M--Cl ,+/_ I )  (M-c2 .+/_  I ) ,  (19) 
where cl ( l=0 ,  1, 2) are complex constants which 
depend only on no, ko, Ax and Az. 
The inaccuracy of  the second-order approxima- 
tion can be estimated as above. Assuming again that 
g¢ is a modal field it follows: 
gxs+ l = g_ glS/ g+ , 
with 
g+/_ = 1 +_ifk' + f _ f2_  (k , f )2 /3 .  (20) 
Then, 
An¢/no~64/4+O.O4k'264, (second-order) . 
(21) 
So, without much computational effort a consid- 
erable reduction of the error is obtained, with the help 
of  the second-order approximation. Higher accuracy 
can be obtained by including higher-order terms. This 
can be done by simultaneously truncating eq. (16) 
in a later stage and better approximating the integral 
( 17 ), including higher powers of M. 
We have tested all cases treated here in 2D, with 
TE polarization. The results confirm the dependence 
of Ane on no and the stepsize Az presented above. Re- 
sults of simulations, using the formulae given above 
and the interface conditions according to ref. [4], 
are given in fig. 1. The dip in the results of the zeroth 
order approximation is due to the presence of both 
a positive and a negative contribution to the error, 
according to eq. (10), which cancel for the main part 
at the corresponding value of 6. 
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